Abstract. We give an algorithm for calculating the RO(S 1 )-graded TRgroups of Fp, completing the calculation started in [9] . We also calculate the RO(S 1 )-graded TR-groups of Z with mod p coefficients and of the Adams summand ℓ of connective complex K-theory with V (1)-coefficients. Some of these calculations are used in [2] and [1] to compute the algebraic K-theory of certain Z-algebras.
Introduction
Higher algebraic K-theory associates to a ring or ring spectrum A a spectrum K(A) and a sequence of abelian groups K i (A) which are the homotopy groups of this spectrum. Although higher algebraic K-theory was defined more than 30 years ago, computational progress has been slow. While the definition of algebraic Ktheory is not inherently equivariant, the tools of equivariant stable homotopy theory have proven useful for K-theory computations via an approach referred to as trace methods [5] . The equivariant stable homotopy computations in this paper serve as input for this method. In particular they have been used in the computations of the relative algebraic K-theory groups K * (Z[x]/(x m ), (x)) and K * (Z[x, y]/(xy), (x, y)) up to extensions (see [2] and [1] respectively).
The idea behind the trace methods approach is to approximate algebraic Ktheory by invariants of ring spectra which are more computable. The first approximation is topological Hochschild homology [7] , T (A). This is significantly easier to compute than algebraic K-theory and there is a trace map K(A) → T (A), called the topological Dennis trace. A refinement of topological Hochschild homology called topological cyclic homology, TC(A), serves as an even better approximation of algebraic K-theory. Indeed, there is a map trc : K(A) → TC(A), called the cyclotomic trace [5] which is often close to an equivalence [13, 16, 8] . So in good cases the trace methods approach reduces the computation of algebraic K-theory, K q (A), to that of topological cyclic homology, TC q (A).
Topological cyclic homology is defined by looking at fixed points of topological Hochschild homology. Let p be a prime. The circle S 1 acts on T (A), and we define TR n (A; p) = T (A) C p n−1 as the fixed point spectrum under the action of the cyclic group of order p n−1 considered as a subgroup of S 1 . These spectra are connected by maps R, F , V and d [15] , and a homotopy limit over R and F gives us the topological cyclic homology spectrum TC(A; p). So, to compute topological cyclic homology, and hence algebraic K-theory in good cases, it is sufficient to understand TR n (A; p) and R, F : TR n+1 * (A; p) → TR n * (A; p) for each p and n . The homotopy groups of these spectra are denoted TR n q (A; p) = [S q ∧ S 1 /C p n−1 + , T (A)] S 1 .
One class of singular rings for which the algebraic K-theory is particularly approachable is pointed monoid algebras, A(Π). This approach was first used by Hesselholt and Madsen [12] to compute the algebraic K-theory of F p [x]/x m . To compute the K-theory of A(Π) using the approach outlined above, one first needs to understand the topological Hochschild homology T (A(Π)). Hesselholt and Madsen [13] proved that there is an equivalence of S 1 -spectra
where B cy (Π) denotes the cyclic bar construction on the pointed monoid Π. As above, trace methods essentially reduce the computation of K q (A(Π)) to that of TR n q (A(Π); p) = π q (T (A(Π)) C p n−1 ) = [S q ∧ S 1 /C p n−1 + , T (A(Π))] S 1 .
Using the S 1 equivalence of spectra above we can rewrite this as
If one can understand how B cy (Π) is built out of S 1 -representation spheres, this gives a formula for these TR-groups in terms of groups of the form
Here λ is a finite-dimensional S 1 -representation and S λ denotes the one-point compactification of this representation. These groups are RO(S 1 )-graded equivariant homotopy groups of the S 1 -spectrum T (A). Recall that RO(S 1 ) is the ring of virtual real representations of S 1 , meaning that an element α ∈ RO(S 1 ) can be written as 
generalizing the ordinary TR-groups. As demonstrated above, these RO(S 1 )-graded TR-groups arise naturally in the computation of the algebraic K-theory of some singular rings. Indeed, in some cases the computation of the algebraic K-theory groups K q (A(Π)) can be reduced to the computation of the RO(S 1 )-graded TR-groups TR n q−λ (A; p). However, few computations have been done of these RO(S 1 )-graded TR-groups. The groups TR n α (A; p) were only known in general when A = F p and the dimensional of α was even [9] . The current paper broadly extends what is known about RO(S 1 )-graded TR-groups, making computations for A = F p , Z, and ℓ.
This paper serves two main purposes. First, we use the results of this paper in [2] , which is joint work with Lars Hesselholt, to compute the relative K-
, (x)) up to extensions, and in [1] to compute the relative K-groups K * (Z[x, y]/(xy), (x, y)) up to extensions. Theorem 1.1 below is the necessary input to the trace method approach described above, allowing us to make such computations. From this input we compute the relative TC-groups TC * (Z[x]/(x m ), (x); p, Z/p) and TC * (Z[x, y]/(xy), (x, y); p, Z/p). Combined with a rational computation this tells us the rank and the number of torsion summands in each degree, and in particular that
and TC 2i (Z[x, y]/(xy), (x, y); p) ∼ = Z are torsion free. An Euler characteristic argument then gives the order of the torsion groups.
The second purpose of the current paper is to try to understand the algebraic structure satisfied by the RO(S 1 )-graded TR-groups. The algebraic structure satisfied by the ordinary (Z-graded) TR-groups is very rigid, and this has proved very useful [13, 14] , e.g. by considering the universal example. A better understanding of the algebraic structure of the RO(S 1 )-graded TR-groups should be similarly useful. While we do not yet have a complete understanding of this algebraic structure, we hope that having some computations will help in this regard.
Note that in cases where computing TR n * (A; p) with integral coefficients proves to be too difficult one can instead consider the groups TR n * (A; p, V ) = π * (T (A) C p n−1 ∧ V ) for a suitable finite complex V . For instance, smashing with the mod p Moore spectrum V (0) = S/p was used in [6] to compute the mod p groups TR n * (Z; p, V (0)) = TR n * (Z; p, Z/p), and smashing with the Smith-Toda complex V (1) = S/(p, v 1 ) was used in [4] to compute TR n * (ℓ; p, V (1)), the TR-groups of the Adams summand ℓ of connective complex K-theory localized at a prime p, with V (1)-coefficients. In both of these cases, the * refers to an integer grading. We will use this technique of smashing with a finite complex in our computations, which are RO(S 1 )-graded. In this paper we calculate TR n α (F p ; p), the RO(S 1 )-graded TR-groups of F p , TR n α (Z; p, V (0)), the RO(S 1 )-graded TR-groups of Z with mod p coefficients, and TR n α (ℓ; p, V (1)), the RO(S 1 )-graded TR-groups of ℓ with V (1) coefficients. The calculations in these three cases are essentially identical. To treat all three cases simultaneously, we introduce an integer c ≥ 0, the chromatic level. If c = 0 we let A = F p and use integral coefficients. If c = 1 we let A = Z and use mod p coefficients. If c = 2 we let A = ℓ and use V (1)-coefficients. Given a prime p such that the spectrum BP c with coefficients
is E ∞ and the Smith-Toda complex V (c) exists and is a ring spectrum, the obvious generalization of the calculations in the paper applies.
To state some of these results, we must first introduce some notation. Given a virtual real representation α ∈ RO(S 1 ), we define a prime operation by
where ρ p : S 1 → S 1 /C p is the isomorphism given by the p'th root [9] . We let α (n) denote the n-fold iterated prime operation applied to α. A real S 1 -representation can be decomposed as a direct sum of copies of the trivial representation R and the 2-dimensional representations C(n) with action given by λ · z = λ n z for n ≥ 1. The prime operation acts on these summands as follows:
and R ′ = R. Given a virtual real representation µ, we often write µ = α + q as a sum of a complex representation α ∈ R(S 1 ), and a trivial representation q ∈ Z. Let
). The RO(S 1 )-graded TR-groups considered in this paper all have the property that TR n α+ * for * ∈ Z is determined by the sequence of integers
Given any sequence of integers d 0 , . . . , d n−1 it is possible to find a virtual representation α with d i = d i (α) for each i. If α = λ or α = −λ for an actual representation λ, this sequence of integers is non-increasing or non-decreasing, respectively, and the TR-calculations simplify.
Fix an integer c ∈ {0, 1, 2}, and define
If c = 0, let A = F p and V = S 0 . If c = 1, let A = Z and V = V (0). If c = 2, let A = ℓ and V = V (1). We prove in Theorem 4.1 below that in the stable range, i.e., for q sufficiently large, we have
We highlight the following result, which is essential to the K-theory computations in [2] and [1] : Theorem 1.1. Let λ be a finite complex S 1 -representation. Then for any prime p the finite Z (p) -modules TR n q−λ (Z; p, Z/p) have the following structure:
n , and n − 1 otherwise. 1.1. Organization. We begin in §2 by introducing the fundamental diagram of TR-theory, which will be essential to the computations throughout the paper. In §3 we set up a spectral sequence from the homotopy groups of a homotopy orbit spectrum to the TR-groups we are aiming to compute. In §4 we study the Tate spectral sequence in the RO(S 1 )-graded setting, which is essential to understanding the homotopy orbit spectrum which serves as input for our computations. We handle the cases of F p , Z, and ℓ simultaneously. We find in Theorem 4.1 below that in each case the Tate spectral sequence is a shifted version of the corresponding Zgraded spectral sequence. In §5 we study the effect of truncating the Tate spectral sequence to the first and second quadrant, obtaining spectral sequences converging to the homotopy orbits and the homotopy fixed points. This provides the induction step needed to prove Theorem 4.1 from the previous section. In §6 we describe the homotopy orbit to TR spectral sequence from §3 in our examples for a general virtual representation α. In §7 we consider the case A = F p and use the homotopy orbit to TR spectral sequence with Z/p l coefficients for all l ≥ 1 to give an algorithm for computing TR n+1 α+ * (F p ; p) for any virtual representation α. In §8 we specialize to representations of the form −λ, where λ is an actual S 1 -representation. We show that in this case the homotopy orbit to TR spectral sequence simplifies, and prove Theorem 1.1.
The fundamental diagram
The TR-groups are connected by several operators: R, F , V and d. In the ordinary (integer-graded) case, there are maps as follows (see [15] for more details). Inclusion of fixed points induces a map
called the Frobenius. This map has an associated transfer,
is given by multiplying with the fundamental class of S 1 using the circle action. Topological Hochschild homology is a cyclotomic spectrum [13] , which gives a map
called the restriction. The identification of the target of the restriction map with TR n (A; p) uses this cyclotomic structure of T (A), which identifies the geometric fixed points T (A) gCp with T (A). This identification uses a change of universe functor. As a special case, consider
is the suspension spectrum of the free loop space on BG and the geometric fixed points
is the free loop space on loops parametrized by S 1 /C p . The primary approach used to compute TR-groups is to compare the fixed point spectra to the homotopy fixed point spectra. Let E denote a free contractible S 1 -space. Recall that the homotopy fixed point spectrum is defined by T (A)
C p n , and the TR-spectrum is defined by TR n+1 (A; p) := T (A) C p n . The map E + → S 0 given by projection onto the non-basepoint induces a map
The general strategy for computing the homotopy groups TR n+1 q (A; p) is to compute π q (T (A) hC p n ) and the map Γ n . This is facilitated through the use of a fundamental diagram of horizontal cofiber sequences [13] :
LetẼ denote the cofiber of
the homotopy orbit spectrum and T (A)
C p n is the Tate spectrum, see [10] . Results of Tsalidis [18] characterize situations when this map Γ n is an isomorphism.
The computation of RO(S 1 )-graded TR-groups can be approached similarly. As before, we have the Frobenius F : TR . Note that the target of R is the group in dimension α ′ , not α (see [13] for a detailed explanation of the restriction in this context).
The fundamental diagram also extends to this RO(
−α denote the desuspension of T by α. Then we have the following fundamental diagram of horizontal cofiber sequences [13] :
. We can take homotopy groups of the top row and get a long exact sequence
. . This is the fundamental long exact sequence of RO(S 1 )-graded TR-theory. The strategy for computing TR n α+ * (A; p) is to use Diagram 3 and induction. One can attempt to understand the bottom row via spectral sequences, see [10] . For instance, the Tate spectral sequence computes π q (T [α] tC p n ):
Restrictions of this spectral sequence give spectral sequences converging to the homotopy groups of the homotopy fixed points and homotopy orbits. We use these spectral sequences to make computations of the homotopy groups on the bottom of the diagram. Understanding the maps Γ n andΓ n is also key to our arguments. Theorem 5.1 below, which is due to Tsalidis [18] in the non-equivariant case, says that ifΓ 1 is an isomorphism in sufficiently high degrees then so are Γ n andΓ n for all n. If we know TR n α ′ + * we can then useΓ n to understand the Tate spectrum T [α]
tC p n and the rest of the bottom row. This gives TR n+1 α+ * in sufficiently high degrees. We are then left to compute TR n+1 α+ * in the unstable range. In the following section we develop a spectral sequence that allows us to do the computations in the unstable range. This spectral sequence starts from the homotopy orbits and converges to the TR-groups we would like to compute. The spectral sequence allows us to treat the cases of F p , Z, and ℓ simultaneously. However, in the case of F p there are additional extension issues which need to be resolved.
In the Z-graded case, it is useful to first compute TR n * (F p ; p, Z/p). This shows that TR n 2q (F p ; p) is cyclic and TR n 2q+1 (F p ; p) = 0, and from this we conclude that the relevant extensions are maximally nontrivial. In the RO(S 1 )-graded case, TR n α+q (F p ; p) could have several summands, and indeed, for many α it does. It is possible to compute the order of TR n α+q (F p ; p) inductively using Diagram 3, and computations with Z/p-coefficients determine the number of summands, but this information is not enough to determine the group. We solve this problem by using Z/p l coefficients for all l ≥ 1, calculating the associated graded of TR n α+q (F p ; p, Z/p l ), and this is enough to solve the extension problem. No such extension problems arise in our computations of TR n α+ * (Z; p, V (0)) and TR n α+ * (ℓ; p, V (1)) as graded abelian groups. However, it can be convenient to consider these not only as abelian groups but as a module over F p [v 1 ] using the map Before we proceed a comment on the dependency of the prime p is in order. The mod 2 Moore spectrum V (0) is not a ring spectrum [3] , so TR n * (Z; 2, V (0)) has no ring structure. This can be worked around by considering V (0) as a module over the mod 4 Moore spectrum. Indeed, Rognes [17] has shown that the Tate spectral sequence converging to V (0) * T (Z) tC 2 n , and hence also the corresponding homotopy fixed point and homotopy orbit spectral sequences, behave the same way as for odd primes. In particular the differentials are derivations with respect to a formal algebra structure on the spectral sequence and the pattern of differentials is the same as for odd primes. This immediately carries over to the RO(S 1 )-graded case.
There is also no way to define multiplication by v 1 on V (0) at p = 2, so we cannot ask about the module structure over ) to study the TR groups of ku and ko we will not pursue that here.
At p = 3, V (1) is not a ring spectrum, so our results for TR n α+ * (ℓ; p, V (1)) are only valid for primes p ≥ 5. We conjecture that the situation for TR n α+q (ℓ; p, V (1)) at p = 3 is analogous to the one for TR n α+ * (Z; p, V (0)) at p = 2 where S/(3, v 3 1 ) plays the role of the mod 4 Moore spectrum, though we will not study that question here.
The homotopy orbit to TR spectral sequence
It is possible to glue together the long exact sequences in Equation 4 to obtain a spectral sequence converging to TR n+1 α+ * (A; p, V ) with coefficients in V . For this section A can be any connective S-algebra and V can be any spectrum. Let T = T (A). The E 1 term is given by
This spectral sequence converges to TR n+1 α+t (A; p, V ). The reason this spectral sequence has not been introduced before is that in previously computed examples, one can understand TR n+1 * (A; p, V ) completely by comparing with V * T hC p n . In the RO(S 1 )-graded case, there is a range of degrees where this comparison is less useful.
The d r differential has bidegree (r, −1),
and can be defined as follows:
is given by lifting N (x) up to TR s+r α (n−s−r+1) +t (A; p, V ) and then applying ∂:
Observation 3.1. We note that if A and
Definition 3.2. Consider the short exact sequence 
The purpose of the above definition is to get a better handle on the differentials in the homotopy orbit to TR spectral sequence: Lemma 3.3. In the homotopy orbit to TR spectral sequence, every class in the Tate piece V t * T [α (n−s) ] hC p s is a permanent cycle, and the image of any differential is contained in the Tate piece. If the short exact sequence in Definition 3.2 splits then all differentials go from a subgroup of the homotopy fixed point piece to a quotient of the Tate piece.
Proof. This is a straightforward diagram chase, using the construction of the spectral sequence and Diagram 3.
We will denote classes in V
hC p n .
The Tate spectral sequence
In order to use the spectral sequence from the previous section, we must first understand the homotopy orbit spectrum. The homotopy orbit spectral sequence computing V * T [α] hC p n is the restriction of the corresponding Tate spectral sequence to the first quadrant, so we first study the Tate spectral sequence converging to
tC p n . For c ∈ {0, 1, 2}, let V and A be as in the introduction, and let T = T (A).
Recall [13, 6, 4] that the homotopy groups of topological Hochschild homology with these coefficients are given as follows:
Here P (−) denotes a polynomial algebra and E(−) denotes an exterior algebra, both over F p . The degrees are given by |λ i | = 2p
i − 1 and |µ c | = 2p c , with λ i represented by σξ i and µ c represented by στ c in the Bökstedt spectral sequence. At p = 2, λ i is represented by σξ 2 i and µ c is represented by σξ c+1 . The above formula for V (0) * T (Z) can be interpreted multiplicatively even though V (0) is not a ring spectrum at p = 2, by using that V (0) ∧ T (Z) ≃ T (Z; Z/2). At p = 3 we can use that V (1)∧T (ℓ) ≃ T (ℓ; Z/3) to put a ring structure on V (1) * T (ℓ). (This gives an interpretation of V (1) * T (ℓ) even at p = 2.) But note that there is no S 1 -action on topological Hochschild homology with coefficients in a bimodule, so there is no corresponding ring structure on the TR-groups if the coefficient spectrum is not a ring spectrum. Rognes [17] has shown that the Tate spectral sequence converging to V (0) * T (Z) tC p n has a formal algebra structure, so we can proceed as if V (0) was a ring spectrum.
We have
and we will write this as
The Tate spectral sequence converging to V * T [α] tC p n has E 2 term given by the Tate cohomologŷ
a free module over the corresponding non-equivariant spectral sequence on a generator [α] . Here |u n | = −1 and |t| = −2. The class v c ∈ π 2p c −2 V (recall that v 0 = p) maps to a class in V * T hS 1 represented by tµ c in the E 2 term of the homotopy fixed point spectral sequence (see e.g. [4, Proposition 4.8]), so by abuse of notation we will denote the class tµ c in the C p n Tate spectral sequence by v c .
Recall [13, 6, 4] that V * T tC p n is 2p n -periodic and the definition of δ tC p n satisfy
for all * .
We prove this theorem in the next section, after analyzing the restriction of the Tate spectral sequence to the first and second quadrant.
We spell out the behavior of the Tate spectral sequence in each case. Define r(n) by (6) r(n) = 1≤k≤n p ck .
As in the non-equivariant case the classes λ i and v c are permanent cycles, and the Tate spectral sequence is determined by the following (compare [13, 6, 4] ):
In each case we have a family of differentials given by
If c = 0 this condition is empty, and this is the only family of differentials.
For c ≥ 1 we have, for each 1 ≤ j ≤ n, a differential
The homotopy orbit and homotopy fixed point spectra
To find V * T [α] hC p n and V * T [α] hC p n we restrict the Tate spectral sequence from the previous section to the first or second quadrant. Because of our grading conventions, in particular Equation 5 above, the first quadrant means filtration greater than −2d 0 (α). Hence the homotopy orbit spectral sequence has E 2 -term
and the homotopy fixed point spectral sequence has E 2 -term
Analyzing these spectral sequences is straightforward, but requires some amount of bookkeeping. We will write down V * T [α] hC p n completely because it is the input to the homotopy orbit to TR spectral sequence. We will partially describe
hC p n by explaining how some v c -towers in the homotopy fixed point piece of
hC p n consists of those v c -towers that are concentrated in negative total degree, and these are isomorphic to the corresponding v c -towers in V * T [α] tC p n . We separate V * T [α] hC p n into the Tate piece and the homotopy fixed point piece as in Definition 3.2, and each piece comes in c + 1 families, each of which can be split into a stable part and an unstable part. In sufficiently high degrees the map R h in Diagram 3 is zero, so N h is an isomorphism between the homotopy fixed point piece of V * T [α] hC p n and V * T [α] hC p n in the stable range. This isomorphism can be described in terms of those differentials in the Tate spectral sequence which go from the first to the second quadrant. Such a differential leaves one class in V * T [α] hC p n and one class in V * T [α] hC p n , neither of which has a corresponding class in V * T [α] tC p n .
To describe the first family, which is the one "created" by the longest differential d 2r(n)+1 in the Tate spectral sequence, let E = F p for c = 0, E(λ 1 ) for c = 1 and E(λ 1 , λ 2 ) for c = 2. Then the Tate piece of the first family is as follows:
In particular, in the stable range we have v c -towers of height r(n − 1) + 1 starting in degree
Similarly, the homotopy fixed point piece is as follows:
In particular, in the stable range we have v c -towers of height r(n) + 1 starting in degree
Next we compare this to V * T [α] hC p n . For the v c -towers of maximal height, the map N h in Diagram 3 is an isomorphism. Now consider a generator x of
hC p n . We have two cases, with the first case only
and we get a v c -tower
If c ≥ 1 the second family is "created" by the differentials d 2r(j) for 1 ≤ j ≤ n. Let E ′ n = E(u n ) if c = 1 and E(λ 1 , u n ) if c = 2. Then the Tate piece of the second family is as follows:
hC p n . Again we have two cases. If
Finally, if c = 2 the third family is "created" by the differentials
Then the Tate piece of the third family is as follows:
Once again, we consider the image N h (x) of a generator x of the v 2 -tower
and we get a v 2 -tower
We will use the following theorem, which with integral coefficients is due to Tsalidis [18] in the Z-graded case and Hesselholt-Madsen [13] in the RO(S 1 )-graded case:
hC p n in the same range.
The proof with coefficients in V is identical to the proof with integral coefficients. Now we can prove Theorem 4.1:
Proof of Theorem 4.1. In each case Theorem 5.1 applies, see e.g. [4] . For c = 0 we have i = 0, for c = 1 we have i = 0 and for c = 2 we have i = 2p−1 (the class t
tCp is in degree 2p − 2). Suppose by induction that the statement of the Theorem holds for TR n α ′ + * (A; p, V ). Then the mapΓ n : TR
tC p n is a module over V * T tC p n and that V * T tC p n is 2p nperiodic the statement for
tC p n follows. The pattern of differentials in the Tate spectral sequence described after the statement of Theorem 4.1 also follows from this.
Restricting the Tate spectral sequence to the second quadrant gives a spectral sequence computing V * T [α] hC p n , and each differential on a class t −k in the Tate spectral sequence gives a class
The differentials on t −k for various k are shifted by 2δ n c (α ′ ) degrees, which means that the classes in the homotopy fixed point spectrum are shifted by
hC p n is coconnective the statement then holds for TR n+1 α+ * (A; p, V ).
A splitting of the homotopy orbit to TR spectral sequence
In this section we describe the homotopy orbit to TR spectral sequence in the three cases of interest. We show that the spectral sequence splits as the direct sum of "small" spectral sequences, with no differentials between different summands.
We first describe the small spectral sequences. Let E = F p if c = 0, E(λ 1 ) if c = 1 and E(λ 1 , λ 2 ) if c = 2. Consider the following diagram:
For each k, there is a summand of the E 1 term of the homotopy orbit to TR spectral sequence which looks like the above diagram tensored with E (recall that 
Finally, if c = 2 the third family of small spectral sequences looks as follows. Recall that E ′′ j = E(u j , λ 2 ). For each 1 ≤ j ≤ n and each k with ν p (k − d j (α) + d j+1 (α)) = 0 we have a corresponding diagram, where the right hand side consists of submodules of
for 0 ≤ m ≤ j and the left hand side consists of quotient modules of
The following theorem gives an algorithm for computing the homotopy orbit to TR spectral sequence. The expression for d ρ (x) looks unpleasant, but for c = 1 or 2 the formula, in the case when d ρ (x) is nontrivial, can be obtained simply from degree considerations. 
is a nontrivial class in the homotopy fixed point piece of E n−j, * 1
. Let
where
If x survives to E n−j, * ρ and the classes y h ∈ V * T [α (j−h) ] tC p n−j+h are nonzero for
. If at least one of the classes y h for 1 ≤ h ≤ ρ is zero then d ρ (x) = 0.
Proof. The class x in V * T [α (j) ] hC p n−j maps to a class with the same name in TR n−j+1 α (j) + * (A; p, V ). By comparing with the stable range we find thatΓ n−j+1 (x) = y 1 . By construction of the spectral sequence this implies that
. While x 1 , and hence z 1 , may not be unique, we have a canonical choice for a representative for z 1 in the homotopy fixed point spectral sequence given by taking a representative forΓ n−j+1 (x) in the Tate spectral sequence and restricting to the second quadrant. We then have two cases.
Case 1: The class z 1 multiplies nontrivially by µ N c to the stable range. Because
] tC p n−j+2 in the stable range, this happens exactly when y 2 =Γ n−j+2 (x 1 ) = 0. Again it follows by construction of the spectral sequence that d 2 (x) = ∂ h (y 2 ). The formula for d ρ (x) assuming y 1 , . . . , y ρ are all nonzero follows by induction.
Case 2: The class z 1 multiplies trivially by µ N c to the stable range. In this case we find thatΓ n−j+2 (x 2 ) = 0, so d 2 (x) = 0. By induction, x lifts to a class x h in TR n−j+h+1 α (j−h) + * (A; p, V ) which multiplies trivially to the stable range for all h. Hence d ρ (x) = 0 for all ρ. The same argument applies as soon as some y h is zero.
7. The RO(S 1 )-graded TR-groups of F p While Theorem 6.1 above tells us all the differentials in the spectral sequence converging to TR n+1 α+ * (F p ; p), we need some additional information to resolve the extension problems. As shown in [9] , the extension problem is in fact quite delicate.
We observe that if we know the order of TR n+1 α+ * (F p ; p, Z/p l ) for each l ≥ 1, we can reconstruct TR n+1 α+ * (F p ; p). Let T = T (F p ). We find that
where β l is in degree 1, and the Tate spectral sequence behaves as follows:
We can then record π * (T [α] hC p n ; Z/p l ). As before, we split it into the Tate piece and the homotopy fixed point piece. If n < l we find that the Tate piece is
If n ≥ l we find that the Tate piece is
Consider the spectral sequence
The differentials are determined by the following data. Suppose
, and let
. If at least one of the classesȳ h is zero then d ρ (x) = 0.
Proof. The proof is similar to the proof of Theorem 6.1. The extra factor of p −(n−j+h−l) comes from having n − j + h − l homotopy orbit spectral sequences with a differential on β l rather than a differential on some u j+h . For each one, the possible differential, and possible successive lift ofx, behaves as if we had started with a multiple of u n−j µ k+1 0
We have written a Mathematica program which computes the RO(S 1 )-graded TR groups of F p using this algorithm. for an actual representation λ. Then every nonzero class in the Tate piece is killed by a differential.
Proof. We prove this by induction, but with a slightly extended induction hypothesis. We consider a representation λ which is almost an actual representation, by which we mean that d i (λ) ≥ d i+1 (λ) for i ≥ 1 and d 0 (λ) ≥ d 1 (λ) − 1. Consider the first family of spectral sequences described in §6. It is enough to show that z = t with 0 ≤ j ≤ n − 2 and r(j) < a ≤ r(j + 1), with no condition on ν p (k). There is exactly one such pair (k, a) for each j, so we get n − 1 classes, plus an additional class from the first family when m = δ n 1 (λ) modulo p n corresponding to a = 0. The case q = 2m + 1 odd is similar.
If q ≥ 2d 0 (λ), but q is not sufficiently high that the spectral sequences degenerate with only the lower right hand summands in the E ∞ term, the result follows by comparing with π * (T [−µ] tC p n ; Z/p) for some µ with µ ′ = λ. Using that the mod p homotopy groups of the Tate spectrum are 2p n -periodic and Tsalidis' Theorem [18] , the result follows.
Part 2 and 3 follow by using that if q < 2d 0 (λ) we have an isomorphism R : TR 
